In this paper, we will present fixed point theorems for singlevalued and multivalued operators in spaces endowed with vector-valued metrics, as well as a Gnana Bhaskar-Lakshmikantham-type theorem for the coupled fixed point problem, associated to a pair of singlevalued operators (satisfying a generalized mixed monotone property) in ordered metric spaces. The approach is based on Perov-type fixed point theorems in spaces endowed with vector-valued metrics. The Ulam-Hyers stability and the limit shadowing property of the fixed point problems are also discussed. MSC: 47H10; 54H25
Notice that the generalized metric space in the sense of Perov is a particular case of Riesz spaces (see [, ] ) and of so-called cone metric spaces (or K -metric space) (see [, ] ).
We denote by M mm (R + Notice that through this paper, we will make an identification between row and column vectors in R m .
Definition . A square matrix of real numbers is said to be convergent to zero if and only if its spectral radius ρ(A) is strictly less than . In other words, this means that all the eigenvalues of A are in the open unit disc, i.e., |λ| < , for every λ ∈ C with det(A -λI) = , where I denotes the unit matrix of M m,m (R) (see [] ).
A classical result in matrix analysis is the following theorem (see [, ]).

Theorem . Let A ∈ M mm (R + ). The following assertions are equivalent (i) A is convergent towards zero;
(ii) A n → O as n → ∞; 
(iii) The matrix (I -A) is nonsingular and (I -
If X is a nonempty set and f : X → X is an operator, then Fix(f ) := x ∈ X; x = f (x) .
We recall now Perov's fixed point theorem (see [] , see also [] ). 
we have the following estimation
Notice that in Precup [] , as well as in [, ] and [] are pointed out the advantages of working with vector-valued norm with respect to the usual scalar norms.
There is a vast literature concerning this approach, see also, for example, [, , , , ], etc.
We will focus our attention to the following system of operatorial equations
where T  , T  : X × X → X are two given operators. By definition, a solution (x, y) ∈ X × X of the above system is called a coupled fixed point for the operators T  and T  . Notice that if S : X × X → X is an operator and we define T  (x, y) := S(x, y) and T  (x, y) := S(y, x), then we get the classical concept of a coupled fixed point for the operator S introduced by Opoitsev and then intensively studied in some papers by Guo and Lakshmikantham, Gnana Bhaskar and Lakshmikantham, Lakshmikantham and Ćirić, etc.
The case of an operatorial inclusion is defined in a similar way, namely, by using the symbol ∈ instead of =. The concept of a coupled fixed point for a multivalued operator S is accordingly defined. http://www.fixedpointtheoryandapplications.com/content/2013/1/218
First aim of this work is to present some existence and stability results for fixed point equations and inclusions in generalized metric spaces in the sense of Perov. Our second purpose is to present, in the setting of an ordered metric space, a Gnana BhaskarLakshmikantham-type theorem for the coupled fixed point problem associated to a pair of singlevalued operators satisfying a generalized mixed monotone assumption. The approach is based on an abstract fixed point theorem in ordered complete metric spaces. Our results are related with other existence and stability results for the a coupled fixed point problem for singlevalued operators proved in [] by the support of Perov's fixed point theorem.
Existence, uniqueness and stability for fixed point equations and inclusions
We start this section by an extension of Perov's theorem. At the same time, the result is a generalization to vector-valued metric spaces of the main theorem in [] .
Theorem . Let (X, d) be a generalized complete metric space, and let f : X → X be an almost contraction with matrices A, B and C, i.e., the matrix A + C ∈ M mm (R + ) converges to zero, B ∈ M mm (R + ) and
Then, the following conclusions hold . f has at least one fixed point in X and, for each x  ∈ X, the sequence
. If, additionally, the matrix A + B converges to zero, then f has a unique fixed point in X.
Proof Let x  ∈ X be arbitrary, and consider (x n ) n∈N the sequence of successive approximations for f starting from x  , i.e.,
Inductively, we get that the sequence (x n ) n∈N satisfies, for all n ∈ N, the following estimation
Hence, for all n ∈ N and p ∈ N, p ≥ , we get that
Next, we show that x * := x * (x  ) ∈ Fix(f ). Indeed, we have the following estimation
For n = , we obtain
We show now the uniqueness of the fixed point.
Remark . The result above extends Corollary . in [] , where the case of almost contractions with matric C = O is treated.
Two important abstract concepts are given now. Notice that, in this case, f
If f is weakly Picard operator and Fix(f ) = {x * }, then by definition f is a Picard operator.
In this case, f ∞ is the constant operator, i.e., f
Definition . (see [] ) Let (X, d) be a generalized metric space, and let f : X → X be an operator. Then, f is said to be a ψ-weakly Picard operator if and only if f is a weakly Picard operator and ψ :
Moreover, a ψ-weakly Picard operator f : X → X with a unique fixed point is said to be a ψ-Picard operator. In particular, if ψ :
From Theorem ., we get the following example.
Example . If (X, d) is a generalized complete metric space and f : X → X is an almost contraction with matrices A, B, and C, then f is a ψ-weakly Picard operator with the function ψ(t) := [I -(A + C)]
- t. In particular, if f : X → X is a contraction with matrix A, then
For the proof of our next theorems we need the following notion.
Definition . Let (X, d) be a generalized metric space, and let f : X → X be an operator. Then, the fixed point equation
is said to be generalized Ulam-Hyers stable if there exists an increasing function ψ :
there exists a solution x * of () such that Proof Let ε := (ε  , . . . , ε m ) (with ε i >  for i ∈ {, . . . , m}), and let y * ∈ X be a ε-solution
Since f is a ψ-Picard operator, we have that
Hence, there exists x
) is a generalized complete metric space, and f : X → X is an almost contraction with matrices A, B and C, then, by Example . and Theorem ., we get that the fixed point equation () is Ulam-Hyers stable.
We now move our attention to the multivalued case. If (X, ρ) is a metric space, and we denote by P(X) the space of all nonempty subsets of X, then the gap functional (generated by ρ) on P(X) is defined as
In particular, if
We will denote by H ρ the Pompeiu-Hausdorff functional on P(X), defined as
Notice that d is a generalized metric on X if and only if d i are metrics on X for each i ∈ {, , . . . , m}.
We denote by
and by
the generalized Pompeiu-Hausdorff functional on P(X).
It is well known that if
As a consequence,
(b) Y is closed with respect to d ⇔ Y is closed with respect to each d i for i ∈ {, , . . . , m}. We denote by P cl (X) the set of all nonempty closed (with respect to d) subsets of X. We have the following two auxiliary results.
Lemma . Let (X, d) be a generalized metric space, let x ∈ X, and let Y ∈ P cl (X). Then,
) is a nonempty set, and F : X → P(X) is a multivalued operator, then the graph of the operator F is denoted by
while the fixed point set and, respectively, the strict fixed point set of F are denoted by the symbols
We will present now an extension of the Nadler fixed point theorem in a space endowed with a vector-valued metric, which is also a multivalued version of Perov's theorem. Theorem . Let (X, d) be a generalized complete metric space, and let F : X → P cl (X) be a multivalued almost contraction with matrices A and B, i.e., there exists two matrices A, B ∈ M mm (R + ) such that A converges to zero and
of F, and the following relations hold
Proof Let x  ∈ X and x  ∈ F(x  ) be arbitrarily chosen. Let q ∈ (, Q), where Q is defined by Theorem .. Then, by Lemma ., there exists
Inductively, there exists x n+ ∈ F(x n ) such that
We have
Letting n → ∞, we get that (x n ) is a Cauchy sequence in X. Since (X, d) is complete, it follows that there exists x * ∈ X such that
Letting n → ∞, we get that
, for any n ∈ N * . http://www.fixedpointtheoryandapplications.com/content/2013/1/218
Thus,
Letting q , we get that Definition . Let (X, d) be a generalized metric space, and let F : X → P cl (X) be a multivalued operator. By definition, F is a multivalued weakly Picard (briefly MWP) operator if for each (x, y) ∈ Graph(F), there exists a sequence (x n ) n∈N such that
(iii) the sequence (x n ) n∈N is convergent, and its limit is a fixed point of F.
Remark . A sequence (x n ) n∈N satisfying the condition (i) and (ii) in the definition above is called a sequence of successive approximations of F starting from (x, y) ∈ Graph(F).
If F : X → P(X) is an MWP operator, then we define 
Example . Let (X, d) be a generalized complete metric space, and let F : X → P cl (X) be a multivalued almost contraction with matrices A and B. Then, by Theorem . (see (i) and (ii)), we get that F is a (I -A) - -MWP operator.
Two important stability concepts are given now.
Definition . Let (X, d) be a generalized metric space, and let F : X → P(X) be a multivalued operator. The fixed point inclusion 
there exists a solution x * of the fixed point inclusion () such that
In particular, if ψ(t) = C · t for each t ∈ R m + (where C ∈ M mm (R + )), then the fixed point inclusion () is said to be Ulam-Hyers stable.
Definition . Let (X, d) be a generalized metric space, and let F : X → P(X) be a multivalued operator. Then, the multivalued operator F is said to have the limit shadowing property if for each sequence (
An auxiliary result is as follows.
Cauchy-type lemma Let A ∈ M mm (R + ) be a matrix convergent toward zero and (B
We can prove now the Ulam-Hyers stability of the fixed point inclusion () for the case of a multivalued contraction, which has at least one strict fixed point. The limit shadowing property is also established.
Theorem . Let (X, d) be a generalized complete metric space, and let F : X → P cl (X) be a multivalued A-contraction, i.e., there exists a matrix A ∈ M mm (R + ) such that A converges to zero and H F(x), F(y) ≤ Ad(x, y), for all x, y ∈ X.
Suppose also that SFix(F) = ∅, i.e., there exists x * ∈ X such that {x * } = F(x * ). Then
(a) the fixed point inclusion () is Ulam-Hyers stable;
(b) the multivalued operator F has the limit shadowing property.
Proof (a) Let ε := (ε  , . . . , ε m ) (with ε i >  for i ∈ {, . . . , m}), and let y * ∈ X be an ε-solution
By Cauchy's lemma, the right hand side tends to O as n → +∞.
On the other hand, by Theorem .(i)-(ii), we know that there exists a sequence (x n ) n∈N of successive approximations for F starting from arbitrary (x  , x  ) ∈ Graph(F), which converge to a fixed point x * ∈ X of the operator F. Since, the fixed point is unique, we get that
Hence, for such a sequence (x n ) n∈N , we have
We also have the following abstract results concerning the Ulam-Hyers stability of the fixed point inclusion () for multivalued operators. Proof Let ε := (ε  , . . . , ε m ) (with ε i >  for i ∈ {, . . . , m}) and y * ∈ X be a ε-solution of (),
i.e., D(y
Since F is a multivalued ψ-weakly Picard operator, for each (x, y) ∈ Graph(F), we have
Now, by our additional assumption, for y * ∈ X there exists u
, and we get
As an exemplification of the previous theorem, we have the following result. Let us recall first an important notion. A subset U of a (generalized) metric space (X, d) is called proximinal if for each x ∈ X there exists u ∈ U such that d(x, y) = D(x, U).
As a consequence of Theorem . and of the abstract result above, we obtain the following theorem.
Corollary . Let (X, d) be a generalized complete metric space, and let F : X → P cl (X) be a multivalued A-contraction with proximinal values. Then the fixed point inclusion ()
is Ulam-Hyers stable. http://www.fixedpointtheoryandapplications.com/content/2013/1/218 Proof Let ε := (ε  , . . . , ε m ) (with ε i >  for i ∈ {, . . . , m}), and let y * ∈ X be a ε-solution of (),
i.e., D(y
Since F(y * ) is a proximinal set, there exists u
Thus, if we consider 
An application to coupled fixed point results for singlevalued operators without mixed monotone property
Let X be a nonempty set endowed with a partial order relation denoted by ≤. Then we denote
If f : X → X is an operator, then we denote the Cartesian product of f with itself as follows
) is a generalized metric space in the sense of Perov; (ii) (X, ≤) is a partially ordered set.
The following result will be an important tool in our approach.
Theorem . Let (X, d, ≤) be an ordered generalized metric space, and let f : X → X be an operator. We suppose that
, which converges to zero such that
Proof Let x ∈ X be arbitrary. Since (x  , f (x  )) ∈ X ≤ , by () and (), we get that there exists
If (x, x  ) / ∈ X ≤ , then by (), it follows that there exists z(x, x  ) := z ∈ X ≤ such that (x, z), (x  , z) ∈ X ≤ . By the fact that (x  , z) ∈ X ≤ , as before, we get that (f n (z)) n∈N → x * as n → +∞. This together with the fact that (x, z) ∈ X ≤ implies that (f n (x)) n∈N → x * as n → +∞. Finally, the uniqueness of the fixed point follows by the contraction condition () using again the assumption ().
Remark . The conclusion of the theorem above holds if instead of hypothesis () we put
Of course, it is easy to remark that assertion () in Theorem . is more general. For example, if we consider the ordered metric space ( We will apply the above result for the coupled fixed point problem generated by two operators.
Let X be a nonempty set endowed with a partial order relation denoted by ≤. If we consider z := (x, y), w := (u, v) two arbitrary elements of Z := X × X, then, by definition, z w if and only if (x ≥ u and y ≤ v).
Notice that is a partial order relation on Z.
We denote
Let T : Z → Z be an operator defined by
The Cartesian product of T and T will be denoted by T × T, and it is defined in the following way
The first main result of this section is the following theorem.
Theorem . Let (X, d, ≤) be an ordered and complete metric space, and let T  , T  : X × X → X be two operators. We suppose that (i) for each z = (x, y), w = (u, v) ∈ X × X, which are not comparable with respect to the partial ordering on X × X, there exists t := (t  , t  ) ∈ X × X (which may depend on (x, y) and (u, v)) such that t is comparable (with respect to the partial ordering ) with both z and w, i.e., (x ≥ t  and y ≤ t  ) or (x ≤ t  and y ≥ t  ) and
(ii) for all (x ≥ u and y ≤ v) or (u ≥ x and v ≤ y), we have
for all (x ≥ u and y ≤ v) or (u ≥ x and v ≤ y). Then there exists a unique element (x * , y * ) ∈ X × X such that
and the sequence of the successive approximations (T
Proof Denote Z := X × X. We show that Theorem . is applicable for the operator T :
Notice first that by (i), we get that if (z := (x, y), w := (u, v)) / ∈ Z , there exists t ∈ Z such that (z, t), (w, t) ∈ Z . Thus, the first assumption of Theorem . holds. http://www.fixedpointtheoryandapplications.com/content/2013/1/218
In order to prove () from Theorem ., let z = (x, y), w = (u, v) be arbitrary elements of Z (where (x ≥ u and y ≤ v) or (u ≥ x and v ≤ y)) such that
By a similar approach, we alternatively have that
T(w) T(z). ()
Using () and (), we get that
Thus, we get (T × T)(Z ) ⊆ Z , which implies that
In order to obtain () from Theorem ., notice first that since there exists (z
()
Thus, we have z  T(z  ). By a similar approach, we alternatively obtain that
Finally, in order to prove hypotheses () and () from Theorem ., we define the map-
Notice now that if (X, d, ≤) is an ordered metric space, then (Z, d, ) is an ordered generalized metric space. The completeness of d follows from the completeness of d. Notice also that the continuity of T follows by (iii). For hypothesis (), we successively have
Thus, the triple (Z, d, ) and the operator T : Z → Z satisfy all the hypothesis of Theorem .. Hence, T is a Picard operator, and so, the equation z = T(z) has a unique solution z * ∈ X × X, and the sequence of successive approximations of the operator T, starting from any w  ∈ X × X converges to z * . Thus, the unique element z * = (x * , y * ) satisfies the
for all n ∈ N, n ≥ . As an application of the previous theorem, we get now an existence and uniqueness result for a system of functional-integral equations, which appears in some traffic flow models. (where T  , T  : X × X → P(X) are two given multivalued operators) can be treated in a similar way.
